Abstract. Let R be a commutative multiplication ring and let N be a non-zero finitely generated multiplication R-module. We characterize certain prime submodules of N . Also, we show that N is Cohen-Macaulay whenever R is Noetherian.
Introduction. Throughout this paper, all rings considered will be commutative and will have non-zero identity elements. Such a ring will be denoted by R and a typical ideal of R will be denoted by a. There is a lot of current interest in the theory of multiplication rings and modules. Multiplication rings were introduced by W. Krull in 1926 as a generalization of Dedekind domains, and the modern concept of a multiplication module is due to Barnard. This concept has been studied in [1] , [2] , [3] , [10] and has led to some interesting results. Let N be an R-module. Then N is said to be a multiplication module if every submodule of N is of the form aN for some ideal a of R. A multiplication ring is a ring in which every ideal is a multiplication module. A proper submodule P of N is said to be prime if whenever rx ∈ P for r ∈ R, x ∈ N , then x ∈ P or r ∈ (P : R N ). (For more information about prime submodules, see [5] , [11] .) Let p ∈ Supp(N ). Then the N -height of p, denoted by ht N p, is defined to be the supremum of the lengths of chains of prime ideals of Supp(N ) terminating with p. We shall say that an ideal a of R is N -proper if N = aN , and when this is the case and R is Noetherian, we define the N -height of a (written ht N a) to be
Let R be a Noetherian ring and let N be a non-zero finitely generated Rmodule. For any N -proper ideal a of R, denote by grade(a, N ) the maximum length of all N -sequences contained in a. Suppose for the moment that (R, m) is local. Then it follows from Nakayama's Lemma that every proper ideal of R is N -proper. We say that N is a Cohen-Macaulay module if grade(m, N ) = ht N m.
More generally, N is said to be a Cohen-Macaulay module if N m is a Cohen-Macaulay R m -module in the above sense for each maximal ideal m ∈ Supp(N ). We refer to [6] for the basic results about Cohen-Macaulay modules. For any R-module L, we denote by mAss R L the set of minimal prime ideals of Ass R L.
This paper is divided into two sections. In the first section we characterize certain prime submodules of a multiplication module over a (commutative) multiplication ring. In the second section we relate the notions of Cohen-Macaulay modules and multiplication modules. Indeed, we show that whenever R is a Noetherian multiplication ring and N is a non-zero finitely generated multiplication module, then N is Cohen-Macaulay.
Throughout, we shall assume that R is a multiplication ring and N is a multiplication R-module. 
Proof. Let n be an arbitrary positive integer. We may assume that m 2 N = mN . Then there are a ∈ m and y ∈ N such that ay ∈ m 2 N . By Lemma 1.1, aN + m 2 N = mN . Now, it is easily seen that aN + m n N = mN . Accordingly, for all positive integers k with k ≤ n, we have
Now, to prove the assertion, let M be a submodule of N such that m n+1 N ⊆ M ⊆ mN . Let i be the greatest positive integer such that M ⊆ m i N . If i = n, the result follows from Lemma 1.1.
Hence let i < n. Suppose that x ∈ M \m i+1 N . Then x ∈ m n+1 N . From ( * ) we have m i N = a i N + m n+1 N , so there exist y ∈ N and z ∈ m n+1 N such that x = a i y + z. Accordingly a i y ∈ m i+1 N , which implies that ay ∈ mN \m 2 N . Consequently, by Lemma 1.1, mN = m 2 N + Ray. Also, we have
Hence, we have m
This implies that
.
and the result follows. 
Using this, together with m i+j N ⊆ m i+j+1 N , we deduce that rx ∈ m i+j+1 N . Consequently, rx ∈ P , which is a contradiction.
We are now ready to state and prove the main result of this section, which is a characterization of prime submodules of N . Proof. The only non-obvious point is to prove that mP = P . By [1, Corollary 1.4] there exists an ideal a of R such that P = amN . Now, because m ⊆ (P : R N ), it follows that aN ⊆ P . Consequently, P ⊆ mP , as desired. First, we treat the case where a ⊆ Ann R (x). Then Ann R (x) = m Ann R (x). It follows that Ann R (x)N ⊆ n≥1 m n N , and therefore Ann R (x)N ⊆ pN . Consequently, Ann R (x) ⊆ p by [7, Result 2] ; this contradicts the fact that m is minimal over Ann R (x).
Next, we treat the case in which a ⊆ Ann R (x). Since pN is a p-prime submodule of N (see [7, Lemma 3] ), it is easy to see that ax ⊆ pN . Consequently, there is an ideal b of R such that ax = bpN . Hence ax = bpN = bpmN = max = Ann R (x)x = 0, a contradiction. Therefore S(0) = 0. Proof. This follows immediately from Proposition 2.2 and Remark 2.1.
We are now ready to state the main result of this section. 
